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Abstract
In this paper conformal minimal 2-spheres immersed in a complex projective space are studied by applying Lie theory and
moving frames. We give differential equations of Kähler angle and square length of the second fundamental form. By applying
these differential equations we give characteristics of conformal minimal 2-spheres of constant Kähler angle and obtain pinching
theorems for curvature. We also discuss conformal minimal 2-spheres of constant normal curvature and prove that there does not
exist any linearly full minimal 2-sphere immersed in a complex projective space CPn (n > 2) with non-positive constant normal
curvature. We also prove that a linearly full minimal 2-sphere immersed in a complex projective space CPn (n > 2) with constant
normal curvature and constant Kähler angle is of constant curvature.
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1. Introduction
Theory of submanifolds is one of the most interesting objects in differential geometry. Since any symmetric space
may be totally geodesically immersed in its group of isometries, theory of Lie groups is widely applied to study of
submanifolds in a symmetric space. In this paper we consider conformal minimal 2-spheres M immersed in a complex
projective space CPn, which is a totally geodesic submanifold of unitary group U(n+ 1), by applying Lie theory and
moving frames.
Let ϕ :M → CPn be a linearly full (i.e. not contained in any hyperplane of CPn) conformal minimal immersion.
Then ϕ is a harmonic map, and a harmonic sequence (cf. [6]), which is also one of main tools we use in this paper, is
derived associated to ϕ. Kähler angle (cf. [3,5]) of a conformal minimal surface is used to study geometry of minimal
immersions of surfaces into Kähler manifolds. Its importance was pointed out by Chern and Wolfson (cf. [5]). We will
characterize minimal 2-spheres of constant Kähler angle by differential equation of Kähler angle.
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minimal 2-sphere immersed in CPn is of constant curvature, then its Kähler angle is also constant, and ϕ is an
element of the Veronese sequence, up to rigid motion (cf. [3]). Conversely, we consider conformal minimal 2-spheres
of constant Kähler angle. We will establish differential equations of square length of the second fundamental form and
use them to study curvature pinching of minimal 2-spheres of constant Kähler angle. We also study minimal 2-spheres
of constant normal curvature. We prove that ϕ is an element of the Veronese sequence if its normal curvature and
Kähler angle are constant.
This paper consists of six sections.
In the second, third and fourth sections, we give expressions of the second fundamental form and normal curvature
of ϕ by applying Lie theory, and derive fundamental relationships of curvature, square length of the second funda-
mental form, normal curvature and Kähler angle (Propositions 3.1, 4.1). Then we establish a differential equation of
Kähler angle (Proposition 4.2).
In the fifth section, we use Proposition 4.2 to characterize conformal minimal 2-spheres of constant Kähler angle
(Propositions 5.1, 5.2). We also use Proposition 4.2 to study conformal minimal 2-spheres of constant normal curva-
ture. It is proved that there does not exist any linearly full conformal minimal 2-sphere immersed in CPn (n > 2) with
non-positive constant normal curvature (Theorem 5.3). We also prove that a linearly full conformal minimal 2-sphere
of constant normal curvature is an element of the Veronese sequence, up to rigid motion, under a certain condition
(Theorem 5.4). Especially we prove that a linearly full minimal 2-sphere immersed in a complex projective space
CPn (n > 2) with constant normal curvature and constant Kähler angle is of constant curvature (Corollary 5.5).
In the final section we first establish differential equations of square length of the second fundamental form of
holomorphic 2-spheres, totally real minimal 2-spheres and minimal 2-spheres of constant Kähler angle respectively
(Propositions 6.1, 6.4 and 6.8). By applying these differential equations we obtain several pinching theorems for
curvature.
2. Preliminaries
Let U(n + 1) be the unitary group with the bi-invariant metric ds2U(n+1) = 18 trωω∗, where ω = g−1 dg is the
Maurer–Cartan form on U(n+ 1). Let CPn be the complex projective space, which is the set of all Hermitian orthog-
onal projections from Cn+1 onto 1-dimensional subspaces.
Let ϕ ∈ CPn, and let Im(ϕ) = span{f }, then ϕ = ff ∗|f |2 , where |f |2 = 〈f,f 〉, 〈·,·〉 is the standard inner product on
Cn+1, ∗ is conjugate transpose of matrix.
We consider CPn as a totally geodesic submanifold of U(n+ 1) by Cartan imbedding τ(ϕ) = 2ϕ − I ∈ U(n+ 1)
for all ϕ ∈ CPn (cf. [16]). Then the metric on CPn induced by 2ϕ − I is given by
(1)ds2CPn =
1
2
tr(dϕ dϕ),
which is the Fubini–Study metric of constant holomorphic sectional curvature 4.
Let ϕ ∈ CPn. Then it is very easy to see that the tangent space at the point ϕ and the complex structure J are given
by
Tϕ(CP
n) = {X ∈ gl(n+ 1,C) | X = X∗, Xϕ + ϕX = X},
JX = √−1(I − 2ϕ)X
for all X in Tϕ(CPn).
We always identify tangent bundle T CPn with a subbundle of CPn × u(n + 1) via τ ∗ω, where the fibre of this
subbundle at the point ϕ is given by
(τ∗ω)ϕ
(
Tϕ(CP
n)
)= {(2ϕ − I )X ∈ u(n+ 1) | X ∈ Tϕ(CPn)}⊂ u(n+ 1),
and u(n+ 1) is Lie algebra of U(n+ 1).
Since τ is totally geodesic, we always identify ϕ with 2ϕ − I via τ .
Let M be a Riemann 2-sphere, and let ϕ :M → CPn be a minimal immersion. Then ϕ is harmonic and conformal.
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λ2 = − trAzAz¯. Then by Uhlenbeck’s results (cf. [16]) Az and Az¯ satisfy
∂Az
∂z¯
= [Az,Az¯],
and the metric on M induced by ϕ is given by
ds2 = λ2 dzdz¯.
If ϕ is a holomorphic curve (resp. anti-holomorphic curve) in CPn, then ϕ satisfies (I − ϕ)∂ϕ
∂z¯
= 0 (resp. (I −
ϕ)
∂ϕ
∂z
= 0). Let f be a local holomorphic section of Imϕ. Then ϕ = ff ∗|f |2 .
Let ∇ be the connection of M for the induced metric. Then we have
∇∂∂ = (∂ logλ2) ∂
∂z
, ∇∂¯ ∂¯ = (∂¯ logλ2)
∂
∂z¯
, ∇∂¯ ∂ = ∇∂ ∂¯ = 0,
where ∂ = ∂
∂z
and ∂¯ = ∂
∂z¯
.
If we identify pullback bundle ϕ−1T (CPn) with a subbundle of M × u(n + 1) via τ(ϕ)∗ω, then the pullback of
the Levi-Civita connection on U(n+ 1) is given by
D = d + 1
2
a dα,
where α = (2ϕ − I )∗ω = 2Az dz + 2Az¯ dz¯.
Let B be the second fundamental form of ϕ. Then
B(X,Y ) = DX
(
α(Y )
)− α(∇XY)
for all X,Y ∈ TM .
Set
B = h11 dzdz + 2h12 dzdz¯ + h22 dz¯ dz¯.
It is not difficult to obtain
h11 = 2λ2∂(Az/λ2), h12 = 0, h22 = 2λ2∂¯(Az¯/λ2).
Hence the second fundamental form of ϕ is given as follows
(2)B = 2λ2∂(Az/λ2) dz dz + 2λ2∂¯(Az¯/λ2) dz¯ dz¯.
Gaussian curvature K and Laplacian 
 of the conformal minimal immersion ϕ for the metric ds2 = λ2 dzdz¯ are given
by
(3)K = − 2
λ2
∂2
∂z∂z¯
logλ2, 
 = 4
λ2
∂∂¯.
Definition. The Kähler angle of ϕ is the function θ :M → [0,π], which is defined by (cf. [3,5])
(4)tan θ(m)
2
= |dϕ(m)(∂/∂z¯)||dϕ(m)(∂/∂z)| , m ∈ M.
Obviously, θ is globally defined and is smooth at m unless θ(m) = 0 or π . ϕ is holomorphic if and only if θ(m) = 0
for all m ∈ M , while ϕ is anti-holomorphic if and only if θ(m) = π for all m ∈ M .
If ϕ :M → CPn is a linearly full conformal minimal immersion, i.e. ϕ is not contained in any hyperplane of CPn,
then ϕ determines the following sequence
(5)ϕ0, . . . , ϕn,
which is called harmonic sequence associated to ϕ, with ϕ = ϕi for some i = 0,1, . . . , n. We always say that ϕi is the
ith element of harmonic sequence (5), where i = 0,1, . . . , n.
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that f0 is a nowhere zero holomorphic vector and (cf. [7])
fi+1 = (I − ϕi)(∂fi),
where i = 0,1, . . . , n− 1.
By a simple computation we have
(6)∂fi = fi+1 + ∂ log |fi |2fi, i = 0,1, . . . , n− 1,
and
(7)∂¯fi = − |fi |
2
|fi−1|2 fi−1, i = 1, . . . , n.
Let li = |fi+1|2|fi |2 for i = 0,1, . . . , n − 1 and l−1 = ln = 0. Then the unintegrated Plücker formulae (cf. [3]) is given
by
(8)∂∂¯ log li = li+1 − 2li + li−1, i = 0, . . . , n− 1.
The metric ds2i induced by ϕi is
ds2i = λ2i dz dz¯, λ2i = li−1 + li ,
and the Kähler angle θi of ϕi is
ti = li−1
li
,
where ti = (tan θi2 )2, i = 0,1, . . . , n.
The Veronese sequence. Let fi = (fi,0, . . . , fi,n) for each i = 0, . . . , n. If fi,p is given for i,p = 0,1, . . . , n as
follows
fi,p = i!
(1 + zz¯)i
√(
n
p
)
zp−i
∑
k
(−1)k
(
p
i − k
)(
n− p
k
)
(zz¯)k.
Then ϕi :M → CPn is a conformal minimal immersion with constant curvature 4n+2i(n−i) and constant Kähler angle
θi given by(
tan
θi
2
)2
= i(n− i + 1)
(i + 1)(n− i) .
ϕ0, . . . , ϕn are called the Veronese sequence (cf. [3,4,11]). By Calabi’s result Bolton et al. proved that the harmonic
sequence determined by a linearly full conformal minimal 2-sphere of constant curvature immersed in CPn, up to a
holomorphic isometry of CPn, is the Veronese sequence (cf. [3]).
3. Second fundamental form and curvature
Let ϕ :M → CPn be a linearly full conformal minimal immersion with associated harmonic sequence ϕ0, . . . , ϕn
with ϕ = ϕi for some i = 0, . . . , n. From ϕi = fif
∗
i
|fi |2 , (6) and (7) it follows that
(9)A(i)z = (2ϕi − I )∂ϕi = −
(
fi+1f ∗i
|fi |2 +
fif
∗
i−1
|fi−1|2
)
.
An immediate computation shows that
(10)λ2i ∂
(
A
(i)
z
λ2i
)
=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂ log ti
1+ti
(
ti
fi+1f ∗i
|fi |2 −
fif
∗
i−1
|fi−1|2
)+ fif ∗i−2|fi−2|2 − fi+2f ∗i|fi |2 , 1 i < n,
−f2f ∗0|f0|2 , i = 0,
fnf
∗
n−2
2 , i = n.|fn−2|
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Denote square length of Bi by σi . Then σi is given as follows:
(11)σi = 1
λ4i
tr Bi
(
∂
∂z
,
∂
∂z
)(
Bi
(
∂
∂z
,
∂
∂z
))∗
.
When i = 0 (or n), i.e. ti = 0 (or ∞) everywhere on M , we define ∇ 1ti = 0 (or ∇ti = 0). Then by a simple
computation square length of the second fundamental form is given as follows:
(12)σi = 1
ti (1 + ti )2 ‖∇ti‖
2 + 4
(1 + ti )2
[
1
ti+1
+ t2i ti−1
]
for all i = 0, . . . , n, where ∇ is gradient for the induced metric ds2 = λ2i dz dz¯.
It is not difficult to obtain a relationship (Gauss equation) of Ki and σi of ϕi for i = 0,1, . . . , n by (3), (8) and (12)
as follows
2Ki + σi = 8(1 − ti + t
2
i )
(1 + ti )2
or
(13)2Ki + σi = 2 + 6W 2i ,
where Wi = 1−ti1+ti .
From (13) it follows that
2 2Ki + σi  8
with equality of right side if and only if W 2i = 1, i.e. ϕi is holomorphic (or anti-holomorphic) and equality of left side
if and only if Wi = 0, i.e. ϕi is totally real.
Set t = (tan θ2 )2 and W = 1−t1+t . Then we have the following proposition.
Proposition 3.1. Let ϕ :M → CPn be a linearly full conformal minimal immersion. Then its curvature K , square
length σ of its second fundamental form and its Kähler angle θ satisfy the equation:
(14)2K + σ = 2 + 6W 2.
By Bolton’s rigid theorem Proposition 3.1 shows that any conformal minimal 2-sphere immersed in CPn is deter-
mined by its curvature and square length of its second fundamental form, up to a holomorphic isometry of CPn and
a coordinate conjugate transform on 2-spheres.
If ϕ is the ith element of the Veronese sequence (i = 0,1, . . . , n), then
Wi = n− 2i
n+ 2i(n− i)
and
σ = 8
{
n2 − n+ i(n− i)[n+ i(n− i)− 5]
[n+ 2i(n− i)]2
}
.
4. Normal curvature and differential equations of Kähler angle
In this section we will give differential equations of Kähler angles by using square length of the second fundamental
form and normal curvature of minimal surface in CPn.
Let ϕ :M → CPn be a conformal minimal immersion with associated harmonic sequence ϕ0, . . . , ϕn with ϕ = ϕi
(ϕi = fif
∗
i
|fi |2 ) for some i = 0, . . . , n.
Set Ax = (2ϕ − I ) ∂ϕ∂x and Ay = (2ϕ − I ) ∂ϕ∂y . It is very easy to check that ‖Ax‖2 = ‖Ay‖2 = λ
2
4 , and (Ax,Ay) = 0,
where ( , ) is the induced metric.
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M along ϕ. Obviously, e2 = ±Je1 when i = 1, . . . , n− 1; When i = 0, e2 = Je1; When i = n, e2 = −Je1.
Set E3 = 12 [B(e1, e1)−B(e2, e2)] and E4 = B(e1, e2). By a simple computation E3 and E4 are given by as follows:
E3 = 2
[
∂
(
Az
λ2
)
+ ∂¯
(
Az¯
λ2
)]
,
E4 = 2
√−1
[
∂
(
Az
λ2
)
− ∂¯
(
Az¯
λ2
)]
.
Furthermore,
‖E3‖2 = ‖E4‖2 = σ4 ,
and
(E3,E4) = 0.
Note that σ has only isolated zeros by (12) when n > 2. It is very easy to see that E3 and E4 span a 2-dimensional
non-degenerate subbundle of normal bundle T ⊥M if σ = 0 everywhere on M .
Now we always assume that σ > 0 everywhere on M and n > 2.
Let e3 = E3/‖E3‖ and e4 = E3/‖E4‖, and let Kv = (R⊥(e1, e2)e4, e3) which is the normal sectional curvature of
M for the normal section {e3, e4}, where R⊥ is the normal curvature tensor of M . Obviously, Kv is globally defined
and is independent of the choice of e1 and e2. We call Kv the normal curvature of M .
Notice. (i) The case n = 2 was studied by J.H. Eschenburg et al. (cf. [8]); (ii) When n = 2, i = 1 and t = constant,
σ ≡ 0; (iii) For minimal surface immersed in space forms its normal curvature can be defined if σ > 0 (cf. [1,9]).
At first we prove the following proposition.
Proposition 4.1. Let ϕ :M → CPn be a linearly full conformal minimal immersion. Suppose that ϕ is the ith element
of its harmonic sequence for some i = 0, . . . , n. If σ > 0 everywhere on M , then
(15)σ
4
(σ − 2Kv) = 4(t − 1)
(1 + t)3
(
1
ti+1
− t2ti−1
)
+ (t
2 − 4t + 1)
t (1 + t)4 ‖∇t‖
2.
Proof. Obviously, σ4 K
v = (R⊥(e1, e2)E3,E4). By Ricci equation we have(
R⊥(e1, e2)E3,E4
)= (K(e1, e2)E3,E4)+ ([A3,A4]e1, e2),
where A3 and A4 are the Weingarten operators corresponding to E3 and E4 respectively, K is the curvature operator
of CPn.
Since (B(X,Y ), ξ) = (Aξ (X),Y ) and curvature operator K of CPn is
K(X,Y )Z = (Y,Z)X − (X,Z)Y + (JY,Z)JX − (JX,Z)JY + 2(X,JY )JZ
for all X,Y,Z ∈ TM and ξ ∈ T ⊥M (cf. [14]), (15) is obtained by a straightforward computation. 
By Proposition 4.1 we obtain differential equation for Kähler angle as follows.
Proposition 4.2. Let ϕ be a linearly full conformal minimal immersion of 2-spheres into CPn (n > 2). If σ > 0
everywhere on M , then W satisfies the following equation:
(16)W
W = 6W 2(W 2 − 1)− σ
4
(4W 2 − 2Kv + σ)− 1
2
‖∇W‖2.
Proof. Assume that ϕ is the ith element of its harmonic sequence. From (3) and (8) it follows that
(17)(t − 1)K = 2
1 + t
(
1
ti+1
− t2ti−1
)
+ 4(t − 1)+ 1 − t
2

 log(1 + t)+ t
2

 log t.
512 X. Jiao, J. Peng / Differential Geometry and its Applications 25 (2007) 506–517Using 
 log(1 + t) = 11+t 
t − 1(1+t)2 ‖∇t‖2 and 
 log t = 1t 
t − 1t2 ‖∇t‖2, by substituting (17) into (15) we obtain
σ
4
(σ − 2Kv) = 2W 2(K − 4)+ 2(1 − t)
(1 + t)3 
t +
2(2t − 3)
(1 + t)4 ‖∇t‖
2.
By ∇t = − 2
(1+W)2 ∇W and 
t = − 2(1+W)2 
W + 4(1+W)3 ‖∇W‖2 and Proposition 3.1 the result is obtained. 
If ϕ is the ith element of the Veronese sequence (i = 0,1, . . . , n), then Kv is constant. Furthermore,
Kv = − 2
(n+ 2m)
{
1 − n− 2m
n2 − n+m(n+m− 5) −
2[n2 − n+m(n+m− 5)]
n+ 2m
}
,
where m = i(n− i).
5. Some applications of differential equations of Kähler angle
At first we give a characteristic of conformal minimal 2-spheres as follows.
Proposition 5.1. Let ϕ be a linearly full conformal minimal immersion of 2-spheres into CPn (n > 2). Suppose that
σ > 0 everywhere on M , then the Kähler angle of ϕ is constant if and only if
6W 2(1 −W 2)+ σ
4
(4W 2 − 2Kv + σ) 0
everywhere on M .
Proof. If the Kähler angle of ϕ is constant, then W = constant. The result follows from Proposition 4.2.
Conversely, if
6W 2(1 −W 2)+ σ
4
(4W 2 − 2Kv + σ) 0,
then by Proposition 4.2 we have
W
W  0.
If W = 0, then 
W  0 or 
W  0 everywhere on M . Therefore a well-known theorem of E. Hopf implies that
W = constant, i.e. the Kähler angle of ϕ is constant.
If W(p) = 0 for some points p on M , then we have two cases as follows.
(i) If W  0 or W  0 everywhere on M , then 
W  0 or 
W  0 everywhere on M . By Hopf’s result W is
constant. Hence W = 0, i.e. ϕ is totally real.
(ii) There exists some points p and q such that W(p) > 0 and W(q) < 0.
Let M ′ = {p ∈ M | W(p) < 0} and M ′′ = {p ∈ M | W(p) > 0}. Then M ′ and M ′′ are non-empty open subsets
of M . Let c = {p ∈ m | W(p) = 0}. Then c is also non-empty, and c = M ′ ∩ M ′′, where M ′ and M ′′ are closures
of M ′ and M ′′ respectively.
It is very easy to see that
∇W |c = 0.
From 
W  0 on M ′, 
W  0 on M ′′ and Green’s formula it follows that

W |M ′ = 
W |M ′′ = 0.
Therefore 
W = 0 everywhere on M which implies that W is constant, i.e. W = 0 everywhere on M . This is impos-
sible because M ′ and M ′′ are non-empty. Therefore the case (ii) does not occur. 
Remark. In fact, we prove in Proposition 5.1 that
6W 2(1 −W 2)+ σ
4
(4W 2 − 2Kv + σ) ≡ 0
if 6W 2(1 −W 2)+ σ (4W 2 − 2Kv + σ) 0 everywhere on M .4
X. Jiao, J. Peng / Differential Geometry and its Applications 25 (2007) 506–517 513From Proposition 5.1 it follows that
Proposition 5.2. Let ϕ be a linearly full conformal minimal immersion of 2-spheres into CPn (n > 2). If σ > 0
everywhere on M , then ϕ is holomorphic or anti-holomorphic or totally real if and only if
4W 2 − 2Kv + σ  0
everywhere on M .
By Proposition 5.2 we obtain the following theorem.
Theorem 5.3. There doesn’t exist any linearly full minimal 2-sphere immersed in CPn (n > 2) with non-positive
constant normal curvature.
Proof. Let ϕ be a linearly full minimal 2-sphere immersed in CPn (n > 2) with constant normal curvature Kv .
Since Kv is constant, then Kv > 0 or Kv  0 everywhere on M .
We claim that Kv > 0.
Otherwise, if Kv  0, then
4W 2 − 2Kv + σ ≡ 0,
which implies W = Kv = σ = 0 everywhere on M . This means that ϕ is a linearly full totally real minimal immersion
with constant curvature 1. This is impossible because σ > 0 everywhere on M by Bolton’s result when n > 2. 
In the following we prove
Theorem 5.4. Let ϕ be a linearly full conformal minimal immersion of 2-spheres into CPn (n > 2) with constant
normal curvature. Suppose that σ > 0 everywhere on M . If
6W 2(1 −W 2)+ σ
4
(4W 2 − 2Kv + σ) 0
everywhere on M , then ϕ is an element of the Veronese sequence, up to unitary equivalence. In particular, if 4W 2 −
2Kv + σ  0 everywhere on M , then ϕ is holomorphic or anti-holomorphic or totally real Veronese curve.
Proof. By Proposition 5.1 W is constant, and
6W 2(1 −W 2)+ σ
4
(4W 2 − 2Kv + σ) ≡ 0.
It is very easy to see that ϕ is of constant curvature by (14). The result follows from Bolton’s result. 
Especially, from (14) and Proposition 4.2 it follows that
Corollary 5.5. Let ϕ be a linearly full conformal minimal immersion of 2-spheres into CPn (n > 2) with constant
normal curvature. Suppose that the Kähler angle of ϕ is constant, then its curvature is also constant.
6. Minimal 2-spheres of constant Kähler angle
In this section, we first establish some differential equations of square length of the second fundamental form of
holomorphic curves, totally real minimal curves and minimal 2-spheres with constant Kähler angles respectively. Then
we discuss some curvature conditions.
Let M be a complex curve in M˜n(c) (the n-dimensional complex space form of constant holomorphic sectional
curvature c), a well-known formula proved by K. Ogiue (cf. [14]) is given as follows
1
2

σ = 3
2
σ(c − σ)+ ‖∇′B‖2.
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Let ϕ :M → CPn be a linearly full holomorphic curve with associated harmonic sequence ϕ0, . . . , ϕn with ϕ = ϕ0.
Then
σ = 4l1
l0
,
and σ satisfies the following differential equation.
Proposition 6.1. Let ϕ be a linearly full holomorphic curve in CPn (n  2) with associated harmonic sequence
ϕ0, . . . , ϕn. If σ = 0 everywhere on M , then

 logσ = 4
[
12 − σ
(
3 − 1
t2
)]
.
In particular, when n = 2, then t2 = ∞, and

 logσ = 12(4 − σ).
Proof. Since σ = 4l1
l0
, we have
logσ = 4(log l1 − log l0).
By Plücker formula (8) and (3), a straightforward computation yields that

 logσ = 4
[
12 − σ
(
3 − 1
t2
)]
.
When n = 2, then ϕ2 is an anti-holomorphic curve, and t2 = ∞. Hence

 logσ = 12(4 − σ).
This case was proved by K. Ogiue (cf. [13,14]). 
By Proposition 6.1 we have the following theorem.
Theorem 6.2. Let ϕ :M → CPn be a linearly full holomorphic curve (n  2) with associated harmonic sequence
ϕ0, . . . , ϕn. If K  2(1 − 13t2−1 ) or 2(1 − 13t2−1 )K < 4, and t2 = 13 everywhere on M , then M is the Veronese curve
in CPn, up to rigid motion.
Proof. By [3] we have t2 > 13 . Since
σ = 2(4 −K),
K  2(1 − 13t2−1 ) or 2(1 − 13t2−1 )K < 4 is equivalent to 123−t−12  σ or 0 < σ 
12
3−t−12
. Hence by Proposition 4.1
we have 
 logσ  0 or 
 logσ  0. Therefore a well-known theorem of E. Hopf implies that σ is constant. Hence K
is also constant. Calabi’s result implies that K = 4
n
and M is the Veronese curve, up to rigid motion. 
When n = 2, t2 = ∞. Then we have
Theorem 6.3. (See [12,14].) Let M be a holomorphic 2-sphere immersed in CP 2. If K  2 or 2K < 4 everywhere
on M , then M is the Veronese curve in CP 2, up to rigid motion.
Let ϕ :M → CPn be a linearly full conformal minimal immersion. ϕ is totally real if its Kähler angle is constant
and equal to π2 (cf. [3]). An immersion whose image lies in RPn ⊂ CPn is totally real. Assume that ϕ is the ith
element of its harmonic sequence for some i = 0, . . . , n. Then the following three statements are equivalent (cf. [3]):
(i) ϕ is totally real.
(ii) n = 2i and lj = ln−j−1 for j = 0, . . . , n.
(iii) There is a holomorphic isometry g of CPn such that the image of gϕ lies in RPn ⊂ CPn.
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obtain
σ = 2ti−1,
and
2K + σ = 2.
By a simple computation we obtain that σ satisfies the following differential equation, which is similar to Proposi-
tion 6.1.
Proposition 6.4. Let ϕ :M → CPn be a linearly full totally real conformal minimal immersion with associated har-
monic sequence ϕ0, . . . , ϕn. If σ = 0 everywhere on M , then

 logσ = 1
2
[
4 − σ(3 − ti−2)
]
,
where i = n2 .
By Proposition 6.4 a theorem for curvature is obtained as follows.
Theorem 6.5. Let ϕ :M → CPn (n 4) be a linearly full totally real conformal minimal immersion. If K  1− 23−ti−2
or 1 − 23−ti−2 K < 1 everywhere on M , and ti−2 = 3 everywhere on M , then K is constant and equals 1 − 23−ti−2 ,
where i = n2 . Moreover, the harmonic sequence determined by ϕ is the Veronese sequence, up to rigid motion.
Proof. Since
σ = 2(1 −K)
and ti−2 < 3 (cf. [3]), K  1 − 23−ti−2 or 1 − 23−ti−2 K < 1 is equivalent to 43−ti−2  σ or 0 < σ  43−ti−2 . It follows
that 
 logσ  0 or 
 logσ  0. Therefore a well-known theorem of E. Hopf implies that σ is constant. Hence K
is also constant, i.e., ϕ is a totally real curve of constant curvature. The harmonic sequence determined by ϕ is the
Veronese sequence, up to rigid motion. 
If n = 4, then ti−2 = 0. From Theorem 6.5 it follows that
Theorem 6.6. (See [3].) Let ϕ :M → CP 4 be a linearly full totally real conformal minimal immersion. If K  13 or
1
3 K < 1 everywhere on M , then K is constant and equals
1
3 . Moreover, the harmonic sequence determined by ϕ is
the Veronese sequence, up to rigid motion.
Let ϕ˜ :M → Sn(1) be a conformal minimal immersion whose image is not contained in any hyperplane section
of Sn(1). Then ϕ˜ determines a linearly full totally real conformal minimal immersion ϕ :M → CPn. The following
theorem is an immediate consequence of Theorem 6.5.
Theorem 6.7. (See [2,3,10].) Let ϕ˜ :M → S4(1) be a linearly full conformal minimal immersion. If K  13 or 13 
K < 1 everywhere on M , then K = 13 . Moreover, ϕ˜ is the Veronese immersion, up to rigid motion.
Theorem 6.7 contains cases s = 2 and s = 1 in Simon conjecture (in detail cf. [10] or [15]).
In the following we assume that ϕ is a linearly full conformal minimal 2-sphere with constant Kähler angle im-
mersed in CPn (n 4) and is the ith element of its harmonic sequence for some i = 2, . . . , n − 2. We also assume
that t = 1, i.e. ϕ is not totally real. The cases i = 1 and n− 1 were studied by Bolton et al. (cf. [3]).
When t is constant, from (12) it follows that
σ = 4
(1 + t)2
(
1
ti+1
+ t2ti−1
)
.
The second fundamental form B of ϕ satisfies a differential equation.
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that ϕ is the ith element of its harmonic sequence for some i = 2, . . . , n − 2 (n  4). If ti−2 = 3 everywhere on M ,
then

σ = Ai + 4t ti (3 − ti−2)1 + t
(
4(3t − 1)
(3 − ti−2)(1 + t) +
12(1 − t)
(1 + t)2 − σ
)
,
where Ai = 4tti−1(1+t)‖∇ti−1‖2.
Proof. Since t is constant, using (8) we see that
1
ti+1
= 3(1 − t)+ t ti−1.
Hence
σ = 4
(1 + t)2
(
3(1 − t)+ t ti−1(1 + t)
)
,
and

σ = 4t
1 + t 
ti−1.
A straightforward computation shows

ti−1 = 1
ti−1
‖∇ti−1‖2 + 4ti−11 + t (3t − 3t ti−1 + t ti−1ti−2 − 1),
which implies the result. 
By Proposition 6.8 we give a theorem for curvature as follows.
Theorem 6.9. Let ϕ :M → CPn be a linearly full conformal minimal 2-sphere with constant Kähler angle. Suppose
that ϕ is the ith element of its harmonic sequence for some i = 2, . . . , n − 2 (n 4). If 21+t (2t − 1 − 3t−13−ti−2 )K <
4(1−t+t2)
(1+t)2 everywhere on M , and ti−2 = 3 everywhere on M , then K is constant and equals 21+t (2t − 1 − 3t−13−ti−2 ).
Moreover, the harmonic sequence determined by ϕ is the Veronese sequence, up to rigid motion.
Proof. By [3] we know that t  12 and ti−2 < 3. Since
σ = 2
(
4(1 − t + t2)
(1 + t)2 −K
)
,
2
1 + t
(
2t − 1 − 3t − 1
3 − ti−2
)
K < 4(1 − t + t
2)
(1 + t)2
implies σ  4(3t−1)
(3−ti−2)(1+t) +
12(1−t)
(1+t)2 . Then

σ  0.
Therefore a well-known theorem of E. Hopf implies that σ is constant. Hence K is also constant and equal to 21+t (2t −
1 − 3t−13−ti−2 ). 
When i = 2, then ti−2 = 0. From Theorem 6.9 we have
Theorem 6.10. Let ϕ :M → CPn be a linearly full conformal minimal 2-sphere with constant Kähler angle. Suppose
that ϕ is the 2nd element of its harmonic sequence (n 4). If 2(3t−2)3(1+t) K < 4(1−t+t
2)
(1+t)2 everywhere on M , then K is
constant and equals 2(3t−2)3(1+t) . Moreover, the harmonic sequence determined by ϕ is the Veronese sequence, up to rigid
motion.
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